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The de Bruijn-Erd6s theorem states that the chromatic number of a graph 
is n (a fkite number) if and only if the chromatic numbers of all its finite sub- 
graphs are <n. We prove a generalization of this result. 
1. INTRODUCTION 
The de Bruijn-Erdiis theorem, which is proved in [2], states that the 
chromatic number of a graph equals n (E 0) if and only if the chromatic 
numbers of all its finite subgraphs are <cn. In Section 2 we survey the 
known results about generalizing this theorem and we indicate the ideas 
behind our generalization, which is proved in Section 3. 
Our notation is standard, but we remind the reader that cf(a) is the 
cofinality of LX; Z is the cardinality of x; and, when K is a cardinal, K+ is the 
least cardinal greater than K. We also confuse a graph (G, E) with the set 
of its vertices, G, so that G’ _C G means G’ is a subgraph of G. 
2. SURVEY AND MOTIVATION 
For convenience, we make the following definitions, where CF can be 
read as “the chromatic number of finite subgraphs” and CS can be read as 
“the chromatic number of smaller subgraphs.” 
DEFINITION 1. If G is a graph, then 
x(G) = the chromatic number of G, 
CF(G) = sup&(G) I G’ _c G’ A Q < w}, 
C,!?(G) = sup{x(G’) I G’ _C G A G’ < e,. 
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Then it is clear that W(G) < CS(G) < x(G) and the de Bruijn-Erdos 
theorem can be restated as 
THEOREM 2. If CF(c;) < w, then CF(G) = x(G). 
We will consider generalizations of this result but as CF(G) < w for all 
graphs G, we alter the question to asking when CS(G) = x(G). The only 
relevant result in the literature seems to be the co~~terexam~~es given in [3] 
and these can be summarized as 
THEOREM 3. If the generalized continuum ~y~ot~es~s is true apld n E w 
then there is: a graph G with G = N,+1 and x(G) > C&‘(G) = K, . 
In passing, we note that it is possible to give one generalization of the 
de Bruijn-Erdos theorem using model theory. It is str~g~tforward to 
prove Theorem 2 using the compactness theorem for first-order logic 
(see El]>, and then this proof directly generalizes to give the next result 
(see [I] for a definition of weakly compact cardinals). 
THEOREM 4. lj”G is a weakly compact cardinal, then C??(G) = x(G). 
The most natural way of generalizing Theorem 2 is to find a property 
P(G) which generalizes CI?(G) < w and is such that P(G) + @S(G) = x(G). 
To do this we consider a property which is possessed by all graphs wit 
finite chromatic numbers. We say that a coloring of G is good when it has 
the same cardinality as x(G). Then, when x(G) < w, we can build up a 
good coloring of G out of good colorings of finite subgraphs of G. 
generalize this and consider those graphs which have a good coloring 
that can be built up, cumulatively, out of good colorings of subgraphs 
of smaller cardinalities. Using this idea we get a property P(G) which 
gives a complete answer to our question (i.e. we get B(G) ++ CS(G) = x(G)). 
3. RESULTS 
From now on we assume that CS(G) is infinite, except in Lemma 7, 
and that G is always infinite. 
Lemma 5 is a straightforward observation and Definition 6 describes 
the notions of a graph’s being cumulatively colorable and strongly 
cumulatively colorable. Then Lemma 7 shows that both of these notions 
are extensions of CS(G) < w so that our results are generalizations of the 
weaker form of the de Bruijn-ErdBs theorem which says CS(G) < w --+ 
CS(G) = x(G). 
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LEMMA 5. Jj-cf((?) < CS(G), then CS(G) = x(G). 
Proof. Suppose that cf(c) < C’S(G) = p so that each subgraph of G 
which has smaller cardinality than G has chromatic number @. Put 
01 = cf(@ and then let G = lJieol Gi where (?i < (? for each i E CL By 
our assumption each Gi can be colored using <fi colors, so that 
x(G) < a: . /3 < fl * p = p = CS(G), as required. 1 
DEFINITION 6. A graph G is said to be cumulatively colorable (CC) if 
there is a well ordering < of G of order type c, a coloring {Cj}j.X(c) of G 
and a sequence of vertices (aJiEcf(Ej , cofinal in G under <, which 
have the following property. If i E cf(e) and Ai = {g E G 1 g <a,>, - 
then x(A) = lCj n &M~) . 
G is said to be strongly cumulatively colorable (XC) if G is CC and, 
with the same notation, there is an i E cf(c) for which Cj n Ai is nonempty 
for everyj E x(G). 
LEMMA 7. If CS(G) < o, then G is SCC. 
ProoJ: Suppose that C,.S’(G) < o. Let < be any well ordering of G 
and take any coloring of G which is of cardinality x(G). As CS(G) is finite 
there is a proper initial segment of G (under <) in which all the colors 
appear. Taking any cofinal sequence with its first term after this initial 
segment, we see that G is SCC. 1 
Parts (ii) and (iii) of Theorem 8 give conditions under which the 
properties given in Definition 6 imply that CS(G) = x(G) and Theorem 9 
gives what are, roughly, the converses of these results. 
THEOREM 8. (i) If G is CC, then x(G) = C&‘(G) or x(G) = CA’(G)+. 
(ii) If G is CC and cf(e) # C§(G)+, then W(G) = x(G). 
(iii) If G is SCC, then CS(G) = x(G). 
Proof. (i) Suppose that G is CC and that we have a coloring, a well 
ordering, and a cofinal sequence as in Definition 6. Then the number of 
colors used up to each vertex is < CS(G) so we get x(G) < C’S(G)+ and 
(i) holds. 
(iii) If G is SCC, then there is a proper initial segment of the well 
ordering in which all the colors occur so that taking a vertex after this 
shows that x(G) < CS(G) and (iii) holds. 
(ii) Suppose that G is CC and then if cf(@ < CS(G), Lemma 5 
implies that C’S(G) = x(G). When cf(G) > CS(G), then there is a proper 
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initial segment in which all the colors occur so that G is SCC. The result 
then follows from (iii). 1 
THEOREM 9. (i) If CS(G) = x(G), then G is CC. 
(ii) If CS(G) = x(G) and cf(t?) = C‘S(G)+, then G is S@C. 
Proof. (i) Suppose that CS(G) = x(G) and we consider two cases, 
Case 1. x(G) = &, for some 01. 
In this case, G > McifP and there is a subgraph of G which has chromatic 
number Qi and cardinality cc. Let F be such a subgraph and take < as 
any well ordering of G of order type c which has the elements of P as an 
initial segment. Then taking any coloring of G which has cardinality x(G) 
and any cofinal sequence starting after the elements of F we see that G 
is CC. 
Case 2. x(G) = K, , for some limit ordinal A. 
If there is a subgraph of G which has chromatic number K, and smaller 
cardinality than G, then we can use the same method as for Case 1. 
Otherwise, let G = lJiEG Gi be a decomposition of G into sets, each of 
smaller cardinality than G, such that sup(x(Gij I i E GE) = CS(G): we can 
do this as C’s(G) = x(G) < G. By replacing each Gi by ujsi Gj we can 
also suppose that i < j E c -+ Gi c Gj . Well order the elements of G by 
a < which is of order type G and satisfies a E Gi A b E Gj A i < j ---f a < b. 
Now, if there is a j E (? for which sup(~(G~) j i < j} = C’S(G), then we can 
use the same method as for Case 1 to show that G is CC. Otherwise, we can 
find a sequence of Gi’s (i E cf(G)) which are cofinal in G under < and have 
the property that i < j E cf(E) -+ (x(Gi) < x(GJ). If this is the case, then 
color the new vertices of each such Gi using a set of x(G,) new colors so 
that taking the first vertex after each of these Gls as the cofinal sequence 
in G, we see that G is CC. 
(ii) Suppose that CS(G) = x(G) and rf(G) = C%(G)+. In (i) we 
showed that G is CC and considered the coloring and well ordering 
constructed there. If there is no initial segment of G in which all the colors 
appear then we get cf(Q) = x(G) = C,S(G). This contradicts 
cf (c) = C%‘(G)+ so we get G is SCC. 1 
Finally, we show that our results can be put in the form mentioned at the 
end of Section 2. 
DEFINITION 10. Let P(G) be the property 
[cf(c) # CS(G)+ A G is CC] v [c!(c) = CS(G)+ A G is SCC]. 
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THEOREM 11. P(G) holds ifund only if CS(G) = x(G). 
Proof. This follows from Theorem 8, (ii) and (iii); and Theorem 9. 4 
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